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                \begin{document}$$\begin{aligned} \sum _{n=1}^N\tau \left( P(n)\right) \end{aligned}$$\end{document}$$have obtained a lot of attention, e.g. in \[[@CR4], [@CR7]--[@CR9], [@CR20], [@CR21]\]. The current paper aims to improve the author's results from \[[@CR11]\] concerning explicit upper bound for divisor sums over certain irreducible quadratic polynomials *P*(*x*). More precisely, while the upper bound obtained in \[[@CR11]\] appears to be the first one of the right order of magnitude $\documentclass[12pt]{minimal}
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                \begin{document}$$N\log N$$\end{document}$ with completely explicit constants, it does not provide the expected constant in the main term. Here we fill this gap achieving the correct main term as in the asymptotic formula for the corresponding divisor sum. A more detailed introduction to the subject can be found in \[[@CR11], [@CR15]\].

Only very recently \[[@CR5], [@CR12]\] provided asymptotic formulae for the sum ([1.1](#Equ1){ref-type=""}) for some *reducible* quadratic polynomials, whereas the asymptotic formulae for *irreducible* quadratic polynomials are classical, due to Scourfield \[[@CR20]\], Hooley \[[@CR10]\] and McKee \[[@CR13]--[@CR15]\].
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Our first result is the following theorem.

Theorem 1 {#FPar1}
---------
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                \begin{document}$$H^*(\Delta )$$\end{document}$ is the Hurwitz class number for which the precise relation with the usual class number is described for example in (\[[@CR3]\], Lemma 5.3.7). Then the Dirichlet class number formula yields the equality of the constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ from ([1.3](#Equ3){ref-type=""}) for the polynomials we consider in Theorem [1](#FPar1){ref-type="sec"}. Our proof, however, is different than McKee's \[[@CR13]--[@CR15]\], and is rather similar to Hooley's argument from \[[@CR10]\].

The novelty in this paper is the following explicit upper bound, which achieves the correct main term as in the asymptotic formula from Theorem [1](#FPar1){ref-type="sec"}.

Theorem 2 {#FPar2}
---------
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Note that we can formulate the theorem by extracting positive constants $\documentclass[12pt]{minimal}
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When we know the exact form of the quadratic polynomial and the corresponding character, we might achieve even better upper bounds. This is the case of the polynomial $\documentclass[12pt]{minimal}
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Corollary 3 {#FPar3}
-----------
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Just as in \[[@CR11]\] we give an application of the latter inequality. Define a $\documentclass[12pt]{minimal}
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Plugging the upper bound of Corollary [3](#FPar3){ref-type="sec"} in the proof of (\[[@CR6]\], Theorem 1.3) from the paper of Elsholtz, Filipin and Fujita we obtain another slight improvement.

Corollary 4 {#FPar4}
-----------
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Proof of Theorem 2 {#Sec2}
==================

We start with proving the explicit upper bound in Theorem [2](#FPar2){ref-type="sec"}, as the claims required for the proof of Theorem [1](#FPar1){ref-type="sec"} can be easily adapted by the lemmae from this section.
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The core of the proofs of both Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"} is the following convolution lemma which we proved in \[[@CR11]\].

Lemma 1 {#FPar5}
-------
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Further we need the following explicit estimates.
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The following effective Pólya--Vinogradov inequality is due to Pomerance.

Lemma 3 {#FPar8}
-------
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The next lemma is critical for obtaining the right main term in the explicit upper bound of Theorem [2](#FPar2){ref-type="sec"}.

Lemma 4 {#FPar9}
-------
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Proof {#FPar10}
-----
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The following lemma is due to Ramaré. One could easily extract the right main term from Lemma [2](#FPar6){ref-type="sec"} through Abel summation but the estimate of the minor term requires computer calculations.

Lemma 5 {#FPar11}
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Proof {#FPar13}
-----
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Then the asymptotic estimate corresponding to ([2.4](#Equ8){ref-type=""}) is$$\documentclass[12pt]{minimal}
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Some examples {#Sec4}
=============
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A correction to this article is available online at <https://doi.org/10.1007/s00605-018-1177-8>.
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